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INTRODUCTION 


Given an interior algebra B we can form interior algebras from the principal ideals of B 
ina natural way. These ideal algebras are a generalization of the quotients of B by open 
elements. (See [2] and Proposition 1.4.) Ideal algebras are also an algebraic generalization 
of topological subspaces (see Corollary 1.3). 


Ideal algebras were introduced in [1] under the name "relativised subalgebras" using a 
different approach to the one we use. Proposition 1.3 shows that our definition and the one 
in [1] are equivalent. Very few results concerning ideal algebras were discussed in [1] and 
no further results, except those in [2], have been published since [1]. In Section 1 of this 
paper we investigate some basic results concerning ideal algebras. In Section 2 Stone 


spaces of ideal algebras are investigated and in Section 3 we examine the preservation 


properties of ideal algebras. ü 


NOTATION AND TERMINOLOGY 


We use the same terminology and notational conventions as in [2] and we assume that the - 
reader is familiar with these. In addition if B is an interior algebra and a is any 


element of B , not necessarily open, then B/a denotes the principal ideal of B generated 


by a. o 


1. BASIC RESULTS CONCERNING IDEAL ALGEBRAS 


Lemma 1.1 

Let B bean interior algebra and let a€ B. Define operations la and la on B/a by: 
Us-a(a'4b) , b*zab' 

forall b € B/a. 


Then B/a = (B/a,., +,/%,'%, 0, a) is an interior algebra. 


Proof: 
Firstly note that B/a is closed under ., + and 0,a are the bottom and top of B/a 
respectively. Also la is clearly a complementation on B/a. It remains to show that la 
is an interior operator on B/a . 
1. For all be B/a 
pla = a(a’ 4 b) <a(a’ +b) =ab¢b. 
2. For all be B/a 
(a^ + b)' <a" + (a’ +b) =a’ + ala’ * b) =a’ 4 bs. 
Hence (a' + b) < (a^ + pa)! and so a(a' + b)  « a(a’ + b) ie. 
pla c p'ala , But blata < pla and so b'è = pala, 
8. For all b,c € B/a | 
pis cla = ala’ + b) a(a’ +c) = ala’ + b) (a^ + c) = alfa’ + b)(a’ + o) 
= ala’ + bc) = (be)! . 
4. alè ala’ +a) =al=a. 


Thus * is an interior operator on B/a as required. 


Definition 1.2 
Let B bean interior algebra and ae B. Then the interior algebra B/a is called the 
ideal algebra of B generated by a. o 


From now on B will denote an interior algebra and a will denote a fixed element of B . 


ca will denote the closure operation of B/a. » 


a 


Proposition 1.3 
For all be B/a , be» = abc. 


Proof: 

Let beB/a. Then bea=b/212/a = (ab)'a /a = [a(a^ + ab^)']/* = afa(a’ + ab)! 

= ala’ + (a’ + ab’)! ] = a(a' + ab’)! = ala(a’ + b)]e = a(ab)e = abe. n 
Proposition 1.4 


If a is open then for all be B/a , paz. 


(i)  L'(B/a) = {ab: b € L’(B)}. 


Proof: 5 
Let bc B/a. Then b^ = a(a’ +b)! = alfa’ + b) = [a(a’ + b)) = (ab) = b. o. ' 
Proposition 1.5 , ) 
(i) L(B/a) = {ab : b € L(B)} 


Proof: 

(i)  IceL(B/a) then c= ce ie. c=ala’ + c)! ‚and (a' + c) € L(B). 
Conversely if b € L(B) then (ab)!* = a(a’ + ab)! = a(a^ + b) > ab! = ab. 
But (ab)!a <ab and so (ab)! = ab whence ab € L(B/a) . 

(ii) If cc L'(B/a) then c = cca = act and cc € L'(B). Conversely if b € L'(B) 
then (ab)ca = a(ab)c < abc = ab. But ab < (ab)ca and so (ab)ca = ab whence 
abcL'(B). 


Corollary 1.6 
(i) Ha isopen L(B/a) = L(B)n B/a. 
(ii) I a isclosed L'(B/a) = L'(B) n B/a. 


Corollary 1.7 
Let X bea topological space and let Y beasubspaceof X. Then 
A(X)/Y = A(Y). 


Proof: 
Clearly Ba A(X)/Y = Ba A(Y) . By Proposition 1.5 (i) L(A(X)/Y) = LA(Y) and so 
the result follows. 


We mention an important result which was proved in [2]. 
Proposition 1.8 


If a is open the map b — ab is an epimorphism from B to B/a. Consequently 


Thus the ideal algebras of B generated by its open elements are, up to isomorphism, just 
the principal quotients of B. (See Section 5 of [2].) 


2. STONE SPACES OF IDEAL ALGEBRAS 
Recall that o(a) = {Fe T(B):a€ F}. We thus have a subspace ca) of T(B). 


Proposition 2.1 
oJL(B/a)] is a base for a(a). 


Proof: 
a{L(B)] is a base for T(B) and so a base for o(a) is given by 
(a(a) n a(b) : b € L(B)) = {a{ab) : b € L(B)) = o[L(B/a)] , by Proposition 1.5 (i). 


Lemma 2.2 
If F € a(a) then FN B/a € T(B/a) . 


Proof: 

Since F € o(a), ae Fn B/a. Consider bce B/a. If b<c and beFnB/a then 
bcF andso cc F. Hence ce Fn B/a. If bce FNB/a then b,c € F whence 
bcc F. But bcc B/a andso bee FNB/a. Thus Ff B/a isa filter in B/a. 
Consider beB/a. If b¢ FNB/a then b £ F whence b’eF. Now a€F and so 
v/* = ab’ €F. Hence b/^e Fn B/a. 


a 


Lemma 2.3 
If Ge T(B/a) thereis an F € T(B) such that Fn B/a-G. 


Proof: 

Since G € T(B/a) , G has the finite intersection property and so there isan Fe T(B) 
with GCF. Now ae GcF and so by Lemma 2.2 F N B/a € T(B/a). Now 
GcFnB/a and so, since a and F n B/a are ultrafilters a= Fn B/a. 0 


By Lemma 2.2 we can define a map p: o(a) + T(B/a) by p(F)=FnBj/a for all 
F € o(a). By Lemma 2.3 p is surjective. 


Let o? denotethe o mapíor B/a. 


Lemma 2.4 
For be B/a , p[o(b)] = a(b) and p "[ax(b)] = a(b) . 


Proof: 

Let Fc a(b). Then beF and so, since b<a , be p(F) i.e. p(F) € aa(b) . 
Conversely if G € a(b) thereisan Fe T(B) with p(F) - G. Then be p(F)CF and 
so F € o(b) whence G € p[a(b)]. Thus p[a{b)] = o*(b) . 


Let F € p Hox(b)]. Then p(F) € aa(b) whence b € p(F) CF. Thus Fe a(b). 
Conversely if F € a(b), b € F and so b € p(F) since be B/a. Thus p(F) € a(b) 
ie. Fe p l[os(b)]. Thus p [aa(b)] = a(b) . 


Theorem 2.5 


G) 


p: o(a) + T(B/a) isa continuous open surjection, in particular T(B/a) isa 
quotient of ala). 


(ii) If a is of finite height in B then p: a{a)~ T(B/a) is a homeomorphism. 

Proof: 

(i) This follows from Proposition 2.1 and Lemma 2.4. 

(ii) ^ Let a be of finite height. Let F,G € a(a) with p(F) = p(G). Then there is an 
atom b of B/a such that p(F), p(G) are both the principal filter in B/a 
generated by b. Then b isanatomin B andsoboth F and G must be the 
principalfilter in B generated by b whence F — G. Thus p is injective and so 
by (i) p is a homeomorphism. n 

Corollary 2.6 

(i)  B/a is embeddable in A(a(a)). 

(ii) H a is of finite height in B then B/a y A(afa)). 

Proof: 

(i) By Theorem 2.5 (i) Ap : AT(B/a) + A(a(a)) is an embedding. Since oè : B/a ^ 
AT(B/a) is an embedding the result follows. 

(ii) By Theorem 2.5 (ii) Ap: AT(B/a) ^ A(o(a)) is an isomorphism. Since a is of 
finite height B/a is finite and so a@: B/a + AT(B/a) is an isomorphism. n 


3. PRESERVATION PROPERTIES OF IDEAL ALGEBRAS 


Proposition 3.1 
Let {B;:i€I} bea family of interior algebras and let ai € B; for all iel. Then 
Il, (Bi/a;) = un B;)/a 


where a = (ai), - 


Proof: 

For b= (bi), € TI, Bi we have b<a iff bi «a; forall ieI and so 

Il (B;/ai) = (N, B;)/a. Using the componentwise definition of operations on a product it 
is not difficult to see that the operations on II, (Bi/ai) and (II, B;)/a coincide. 


Proposition 3.2 
Let f: Ba C bean homomorphism/embedding/epimorphism, then f [B/a* B/a > C/f(a) 


is a homomorphism/embedding/epimorphism respectively. 


Corollary 3.3 

Let 4= (fi: Bi>B;¡:i<j , 1j€ I) bea directed system of homomorphisms and let 
{f;: B+ B;:1¢ I} be the inverse limit of 4. Let ae B and for all ie I put 

a; = fi(a). 


Then 4/a = LETT : B;/ay4 Bj/aj:i<j , i,j € I) is a directed system with inverse 
limit {filB/a : B/a- Bi/ai :i€ I} ° 


Proposition 3.4 
Let b<a. Then B/b = (B/a)/b. 


ü 


n 
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Proof: 

Obviously B/b = (B/a)/b. The complementation in (B/a)/b is given by 

ba/a = bad’ = bd’ = d/^ for all d «b. The interior operator in (B/a)/b is given by 
b(b' + d) = baja” + (b’ + d) = b(b^ + d) = d'^ forall d£ b. 

Thus B/b = (B/a)/b . ü 


Another preservation result which follows easily from Proposition 1.5 (i) is : 


Proposition 3.5 
If B is simple then B/a is simple. n 
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